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�ÄXe��5�§|µ

f(x) := (f1(x), . . . , fn(x))T = 0, (1)

Ù¥x = (x1, x2, ..., xn)T ∈ Rn , f : K ⊆ Rn → Rn 3à8K ¥´¿©Fréchet���.¯¤±�,Úî{

´¦)��5�§|(1) �²;S�{.
CAc,Ñy
Nõ|^Adomian©),ÓÔ�Ä,Úî�Ad

¦È�E|¦)��5�§|(1) �Úîû)�{,ù
�{��uÚî{äk�p�Âñ5,�ë�

©z[1], [2], [3], [4], [5], [6], [7], [9]�. 3�©¥,·�JÑ�«#�2ÂÚîS��{,=æ^Äu��X

ê¦È�Úî{¦)��5�§|(1). d2ÂÚîS�{�I��Of(x) ±9§3ØÓ:?�ä�

'Ý
=�.ê�¢�L², ù�S��{´ngÂñ�¿�3�½�§Ú^�e���Ê�Âñ.

1 ý��£

��Xê¦Èúª[10] ½ÂXe/ª�È©

I(f) =

∫ b

a

ρ(x)f(x)dx, (2)

ùpρ(x)´�¼ê,Ï~(2)ª�Ø½È©Ã{¦),�d·�I�½ÂU
CqI(f)�ê�È©úª.

;.�ê�È©úªäkXe/ª

In(f) =

n∑
k=1

Akf(xk),

Ù¥xk¡�¦Èúª�!:,Ak ¡�¦ÈXê.b�ρ(x) = 1,Kn�!:���Xê¦ÈúªäkXe

{ü/ª

In(f) = An

n∑
k=1

f(xk), (3)

Ù¥An = b−a
n ,!:xk÷v

An

n∑
k=1

xjk =
1

j + 1
(bj+1 − aj+1), j = 1, 2, ..., n. (4)
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d[10]�,!:xk´'uÈ©«m�¥:
a+b
2 é¡�.

é?¿�x,xs ∈ K, d�V½n [8] �

f(x) = f(xs) +

∫ 1

0

f ′(xs + w(x− xs))(x− xs)dw, (5)

Ù¥f ′(x) �¼êf 3:x ∈ Rn ?�ä�'Ý
. ÏLÈ©C�·�k∫ 1

0

f ′(xs + w(x− xs))(x− xs)dw =
1

2

∫ 1

−1
f ′
(1

2
w(x− xs) +

1

2
(x + xs)

)
(x− xs)dw.

A^M�!:���Xê¦Èúª,·���Xe�ê�È©%C:

1

2

∫ 1

−1
f ′
(1

2
w(x− xs) +

1

2
(x + xs)

)
(x− xs)dw ≈ 1

2

[ M∑
k=1

τM f ′
(
vM,k(x)

)]
(x− xs). (6)

Ù¥

vM,k(x) :=
1

2
wM,k(x− xs) +

1

2
(x + xs), k = 1, 2, ...,MτM =

2

M

!:wM,kL«M�!:¥�1k�!:,Kd!:'u�:é¡§÷v
∑M

k=1 wM,k = 0.

�51 ·���M �!:���Xêúªäk��Mg�ê°Ý,¿�M�óê�,�ê°Ý

�M + 1. Ïd,�M ≥ 2�,k

1

3
=

∫ 1

−1

1

2
w2dw =

M∑
t=1

τM
w2

M,t

2
, (7)

±9

0 =

∫ 1

−1

1

2
w3dw =

M∑
t=1

τM
w3

M,t

2
. (8)

¤á.

�52 XJUïá¦Èúª(3),@o7L�¦(4)¥�!:xk, k = 1, 2, ..., n�ØÓ�¢ê,
�n =

8±9n ≥ 10�, )�(4)¥o¬Ñy�éE�Ý!:.Ïd,3ù
�/eÃ{�E��Xêúª.

2 �{9ÙÂñ5©Û

Äu±þ?Ø,·��Ñ�«#�Äu��Xê¦Èúª¦)��5�§|(1)�2ÂÚîS��

{.

�{1. (Äu��Xê¦Èúª�2ÂÚî{)

Step 0. �½Ð�x0 ∈ Rn ±9��êM . s := 0.

Step 1. O�

ys = xs − f ′(xs)−1f(xs).

Step 2. O�

xs+1 = xs −
[ M∑
k=1

θM,kf
′
(1

2
wM,k(x− ys) +

1

2
(x + ys)

)]−1
f(xs),

Ù¥θM,k ≥ 0, θM,k = θM,(M−k+1),
M∑
k=1

θM,k = 1.

Step 3. s := s+ 1 �£�Step 1.
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du!:{wM,k} ´'u�:é¡�§¿��M�Ûê�§�:7´!:§\þXêθM,k��{§

��Xe'Xª
M∑
k=1

θM,kwM,k = 0. (9)

e¡·�`²,þãïá�¦)��5�§|(1)��{1´ÛÜngÂñ�. b�α ∈ Rn ´��5�

§|(1)���), f 3α�����N (α) S´¿©ëY���.é?¿�x ∈ N (α), J(x) ∈ Rn×n�f

3:x ?�ä�'Ý
,=

Jij(x) =
∂fi(x)

∂xj
. (10)

ùp·��b�J(x) é?¿x ∈ N (α) Ñ´�ÛÉ�,¿�½ÂH(x) �J(x) �_Ý
.@o·���

n∑
j=1

Hij(x)Jjk(x) = δik, (11)

Ù¥δik ´�ÛS�ÎÒ¼ê. é�ª(11)ü>�éuxl ¦�©,·��±��

n∑
j=1

∂Hij(x)

∂xl

∂fj(x)

∂xk
= −

n∑
j=1

Hij(x)
∂2fj(x)

∂xk∂xl
, i, k, l ∈ {1, . . . , n}. (12)

e¡·��Ñ¤I�ü�Ún,aqu©z[3]�y²L§,Ún�±éN´���.

Ún1. é?¿x ∈ N (α), ½Ây(x) = (y1(x), . . . , yn(x)) ∈ Rn �²;Úî{�S�¼ê:

yi(x) = xi −
n∑

j=1

Hij(x)fj(x), i = 1, . . . , n.

@o·�k
∂yi(x)

∂xk
= −

n∑
j=1

∂Hij(x)

∂xk
fj(x),

Ú
∂2yi(x)

∂xk∂xl
= −

n∑
j=1

∂2Hij(x)

∂xk∂xl
fj(x)−

n∑
j=1

∂Hij(x)

∂xk

∂fj(x)

∂xl
,

i, k, l ∈ {1, 2, . . . , n}¤á. AÏ�k

∂yi(α)

∂xk
= 0 Ú

∂2yi(α)

∂xk∂xl
=

n∑
j=1

Hij(α)
∂2fj(α)

∂xl∂xk
.

Ún2. é?¿x ∈ N (α), uM
i (x) = 1

2wM,i(y(x)− x) + 1
2 (y(x) + x) �S�¼ê,¦�

uMij (x) =
1

2
wM,i(yj(x)− xj) +

1

2
(yj(x) + xj), (13)

j = 1, 2, . . . , n , i = 1, 2, . . . ,M , Ù¥uM
i (x) = (uMi1 (x), uMi2 (x), ..., uMin(x))T ∈ Rn. @ok�ª

∂uMij (α)

∂xk
=

1− wM,i

2
δjk,

Ú
∂2uMij (α)

∂xk∂xl
=

1 + wM,i

2

M∑
t=1

Hjt(α)
∂2ft(α)

∂xl∂xk
,

i ∈ {1, 2, . . . ,M} ,j, k, l ∈ {1, 2, . . . , n}¤á.

3



�e5,·��Ñ�{1 �ÛÜngÂñ5½n.

½n1 ¼êf : N (α) ⊆ Rn → Rn 3α ∈ Rn�����N (α)S´¿©���, α ´��5�§

|(1)���). À�¿©�C)α�Ð©�x0 ¿�b�J(x) 3��N (α)S´ëY�ÛÉ�. @o�

{1�)�S�{xk}´ngÂñ�α �.

y²µ ?¿�½x ∈ N (α), ½ÂW (x) = Z−1(x), ùp

Z(x) =

M∑
t=1

θM,tJ
(1

2
wM,t(y(x)− x) +

1

2
(y(x) + x)

)
=

M∑
t=1

θM,tJ(uM
t (x)). (14)

éz��x ∈ Rn, ½Âg(x) := (g1(x), . . . , gn(x))T ,Ù¥

gj(x) = yj(x) +

n∑
q=1

Hjq(x)fq(x)−
n∑

q=1

Wjq(x)fq(x). (15)

éz��j ∈ {1, . . . , n}, gj(x) 3:α ?�VÐm

gj(x) = gj(α) +

n∑
j1=1

∂gj(α)

∂xj1
ej1 +

1

2

n∑
j1=1

n∑
j2=1

∂2gj(α)

∂xj1∂xj2
ej1ej2 + · · · , (16)

Ù¥ejk = xjk − αjk .

Äk,·�y²∂gj(α)/∂xk = 0, j, k ∈ {1, 2, . . . , n}. (15)ªü>Ó��¦Zij(x),

Zij(x)
(
gj(x)− yj(x)−

n∑
q=1

Hjq(x)fq(x)
)

+ Zij(x)
( n∑

q=1

Wjq(x)fq(x)
)

= 0,

i, j ∈ {1, 2, . . . , n}. @o
n∑

j=1

Zij

(
gj(x)− yj(x)−

n∑
q=1

Hjq(x)fq(x)
)

+

n∑
j=1

Zij(x)
( n∑

q=1

Wjq(x)fq(x)
)

= 0,

i ∈ {1, 2, . . . , n}. A^W (x) = Z−1(x),�ª{z�

n∑
j=1

Zij(x)
(
gj(x)− yj(x)−

n∑
q=1

Hjq(x)fq(x)
)

+ fi(x) = 0, i ∈ {1, 2, . . . , n}. (17)

é(17)ªü>�éuxk¦�©,A^(11) ÚÚn1��

0 =
∂fi(x)

∂xk
+

n∑
j=1

∂Zij(x)

∂xk

(
gj(x)− yj(x)−

n∑
q=1

Hjq(x)fq(x)
)

+

n∑
j=1

Zij(x)
(∂gj(x)

∂xk
− ∂yj(x)

∂xk
−

n∑
q=1

∂Hjq(x)

∂xk
fq(x)−

n∑
q=1

Hjq(x)
∂fq(x)

∂xk

)
=

∂fi(x)

∂xk
+

n∑
j=1

∂Zij(x)

∂xk

(
gj(x)− yj(x)−

n∑
q=1

Hjq(x)fq(x)
)

+

n∑
j=1

Zij(x)
(∂gj(x)

∂xk
− δjk

)
, (18)

þª¥-x = α,A^(10)�

n∑
j=1

Jij(α)
∂gj(α)

∂xk
= Jik(α)− ∂fi(α)

∂xk
= 0.

db�J(x) é¤kx ∈ N (α)Ñ´�ÛÉ�, ¤±k

∂gj(α)

∂xk
= 0, j, k ∈ {1, 2, . . . , n}. (19)
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�e5,·�y²∂2gj(α)/(∂xk∂xl) = 0, j, k, l ∈ {1, 2, . . . , n}. é(18)ªü>�éuxl��©,A

^(11) ÚÚn1 ,·���

0 =
∂2fi(x)

∂xk∂xl
+

n∑
j=1

∂2Zij(x)

∂xk∂xl

(
gj(x)− yj(x)−

n∑
q=1

Hjq(x)fq(x)
)

+

n∑
j=1

∂Zij(x)

∂xk

(∂gj(x)

∂xl
− ∂yj(x)

∂xl
−

n∑
q=1

∂Hjq(x)

∂xl
fq(x)−

n∑
q=1

Hjq(x)
∂fq(x)

∂xl

)
+

n∑
j=1

∂Zij(x)

∂xl

(∂gj(x)

∂xk
− δjk

)
+

n∑
j=1

Zij(x)
∂2gj(x)

∂xk∂xl

=
∂2fi(x)

∂xk∂xl
+

n∑
j=1

∂2Zij(x)

∂xk∂xl

(
gj(x)− yj(x)−

n∑
q=1

Hjq(x)fq(x)
)

+

n∑
j=1

∂Zij(x)

∂xk

(∂gj(x)

∂xl
− δjl

)
+

n∑
j=1

∂Zij(x)

∂xl

(∂gj(x)

∂xk
− δjk

)
+

n∑
j=1

Zij(x)
∂2gj(x)

∂xk∂xl
, (20)

-x = α¿ò(19)�\�(20)�,

−∂Zil(α)

∂xk
− ∂Zik(α)

∂xl
+

n∑
j=1

Jij(α)
∂2gj(α)

∂xk∂xl
+
∂2fi(α)

∂xk∂xl
= 0. (21)

,��¡,�â(14), ·�k

Zij(x) =

M∑
t=1

θM,tJij(u
M
t (x)) =

M∑
t=1

θM,t
∂fi
∂uMtj

(uM
t (x)). (22)

é�§(22)ü>�éuxk��©��,

∂Zij(x)

∂xk
=

M∑
t=1

θM,t

( M∑
p=1

∂2fi(u
M
t (x))

∂uMtj ∂u
M
tp

∂uMtp (x)

∂xk

)
. (23)

-x = α ¿A^Ún2,(23)ª�

∂Zij(α)

∂xk
=

M∑
t=1

θM,t

( n∑
p=1

∂2fi(α)

∂xj∂xp

1− wM,t

2
δpk

)

=

M∑
t=1

θM,t(1− wM,t)

2

∂2fi(α)

∂xj∂xk
. (24)

du¼êfi(x)´¿©���, ò(24)ª�\�(21)ª÷v

−
M∑
t=1

θM,t(1− wM,t)
∂2fi(α)

∂xk∂xl
+

n∑
j=1

Jij(α)
∂2gj(α)

∂xk∂xl
+
∂2fi(α)

∂xk∂xl
= 0.

(Üªf(9),k
n∑

j=1

Jij(α)
∂2gj(α)

∂xk∂xl
= 0.

db�J(α)´�ÛÉ�, ¤±·�k

∂2gj(α)

∂xk∂xl
= 0, j, k, l ∈ {1, 2, . . . , n}. (25)

Ïd, d(16), (19), Ú(25) ���{1 ´ngÂñ�.
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½n2 XJ½n1¥�b�¤á, M ≥ 2¿�f��I¼ê{fi} ÷v∂2fi(α)/(∂xj∂xk) = 0 ,

i, j, k ∈ {1, 2, . . . , n},@o�{1�)�S�{xk}´Ê�Âñ�α�.

y²µ ·�Äky²∂3gj(α)/(∂xk∂xl∂xm) = 0 , j, k, l,m ∈ {1, 2, . . . , n}. é(23)ªü>�é

uxl��©,¿-x = α,A^Ún2O���

∂2Zij(α)

∂xk∂xl
=

M∑
t=1

θM,t(1− wM,t)
2

4

∂3fi(α)

∂xj∂xk∂xl

+

M∑
t=1

θM,t(1 + wM,t)

2

n∑
p=1

∂2fi(α)

∂xj∂xp

( n∑
q=1

Hpq(α)
∂2fq(α)

∂xl∂xk

)
. (26)

,��¡,é(20)ªü>�éuxm ��©,,�-x = αd(11),(19) Ú(25)ÚÚn1·���

−∂
2Zim(α)

∂xk∂xl
− ∂2Zil(α)

∂xk∂xm
− ∂2Zik(α)

∂xl∂xm
+

n∑
j=1

Jij(α)
∂3gj(α)

∂xk∂xl∂xm
+

∂3fi(α)

∂xk∂xl∂xm
= 0. (27)

ò(26)ª�\�(27)ªk

0 =
(

1− 3

4

N∑
t=1

θM,t(1− wM,t)
2
) ∂3fi(α)

∂xk∂xl∂xm
+

n∑
j=1

Jij(α)
∂3gj(α)

∂xk∂xl∂xm

−1

2

M∑
t=1

θM,t(1 + wM,t)
( n∑

p=1

∂2fi(α)

∂xm∂xp

n∑
q=1

Hpq(α)
∂2fq(α)

∂xl∂xk

)

−1

2

M∑
t=1

θM,t(1 + wM,t)
( n∑

p=1

∂2fi(α)

∂xl∂xp

n∑
q=1

Hpq(α)
∂2fq(α)

∂xm∂xk

)

−1

2

M∑
t=1

θM,t(1 + wM,t)
( n∑

p=1

∂2fi(α)

∂xk∂xp

n∑
q=1

Hpq(α)
∂2fq(α)

∂xm∂xl

)
. (28)

db�M ≥ 2,∂2fi(α)/(∂xj∂xk) = 0,i, j, k ∈ {1, 2, . . . , n}, ÏL(7), (9)Ú(28)·�k

n∑
j=1

Jij(α)
∂3gj(α)

∂xk∂xl∂xm
= 0.

dJ(α)��ÛÉ5, ��

∂3gj(α)

∂xk∂xl∂xm
= 0, j, k, l,m ∈ {1, 2, . . . , n}. (29)

aq�,·�y²∂4gj(α)/(∂xk∂xl∂xm∂xr) = 0, j, k, l,m, r ∈ {1, 2, . . . , n}.é(23)ªü>¦�g�

©,,�-x = αA^(7), (8),Ún2Úb�∂2fi(α)/(∂xj∂xk) = 0, i, j, k ∈ {1, 2, . . . , n}, ·�k

∂3Zij(α)

∂xk∂xl∂xm
=

M∑
t=1

θM,t(1− wM,t)
3

8

∂4fi(α)

∂xj∂xk∂xl∂xm

=

M∑
t=1

θM,t

8

(
1− 3wM,t + 3w2

M,t − w3
M,t

) ∂4fi(α)

∂xj∂xk∂xl∂xm

=
1

4
· ∂4fi(α)

∂xj∂xk∂xl∂xm
. (30)

,��¡,é(20)ªü>¦�g�©,¿-x = α A^(19), (25), (29) ÚÚn1k

0 =
∂4fi(α)

∂xk∂xl∂xm∂xr
+

n∑
j=1

Jij(α)
∂4gj(α)

∂xk∂xl∂xm∂xr

− ∂3Zir(α)

∂xk∂xl∂xm
− ∂3Zim(α)

∂xk∂xl∂xr
− ∂3Zil(α)

∂xk∂xm∂xr
− ∂3Zik(α)

∂xl∂xm∂xr
. (31)
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·�ò(30)ª�\�(31)ª¥,��

n∑
j=1

Jij(α)
∂4gj(α)

∂xk∂xl∂xm∂xr
= 0,

dJ(α)��ÛÉ5, k

∂4gj(α)

∂xk∂xl∂xm∂xr
= 0, j, k, l,m, r ∈ {1, 2, . . . , n}. (32)

d(16), (19), (25), (29)Ú(32)���{1 ´Ê�Âñ�.

3 ê�¢�

e¡~f1!2Ú3¥,¢�Ê��IO��

‖f(xs)‖∞ + ‖xs+1 − xs‖∞ ≤ ε,

Ù¥‖ · ‖∞ �Ã¡�ê. X©z[3]¥��, �{�Âñ�p dXe�Cq��Ñ

p ≈ ln(‖xs+1 − xs‖∞/‖xs − xs−1‖∞)

ln(‖xs − xs−1‖∞/‖xs−1 − xs−2‖∞)
.

~f1 [3] �ÄXe��5�§|:

x2x3 + x4(x2 + x3) = 0,

x1x3 + x4(x1 + x3) = 0,

x1x2 + x4(x1 + x2) = 0,

x1x2 + x1x3 + x2x3 = 1.

��5�§|�)�α = (0.577350, 0.577350, 0.577350,−0.288675)T . ùp·��ÑÐ©��x0 =

(0.6, 0.6, 0.6,−0.2)T .

~f2 [11] �ÄXe��5�§|: ex1 − x2 − 2 = 0,

cos(x1)− x1 + x2 − 1 = 0.

��5�§|�)�α = (1.478489; 2.386312)T . ùp·��ÑÐ©��x0 = (1.2, 2.0)T .

~f3 [3] �ÄXe��5�§|: sin(x1) + x2 cos(x1) = 0,

x1 − x2 = 0.

��5�§|�)�α = (0, 0)T . ùp·��ÑÐ©��x0 = (0.4, 0.4)T .

~f4 [11] �ÄXe��5�§|: 3x1 + x22 = 0,

x1 − x2(1 + x2) = 0.

��5�§|�)�α = (0, 0)T . ùp·��ÑÐ©��x0 = (0.5, 1)T .

3L�1!2ÚL�3!4¥IT., ‖xs+1 − xs‖∞, Ú‖f(xs)‖∞ ©OL«�{S�Úê, �{��üÚ

S�:�m�ål, ±9�{��S���í�.L�1!2�L�3!4 L«#�{1�Úî{ÚÚî-�

Ad�{�'�.~f3÷v§Ú^�∂2fi(α)/(∂xj∂xk) = 0,i, j, k ∈ {1, 2},½n2�y
�{�Ê�Â

ñ5.lL�¥·��±wÑ#�{1E,U�±éÐ�Âñ5�,¿��éÚî-�Ad�{Xê�¦

�gd.
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L 1 ~f1�ê�(J(ε = 10−11)

Ex.

Alg. IT. ‖xs+1 − xs‖∞ ‖f(xs)‖∞ p

Newton 4 7.4× 10−13 0 2.1

NC1 3 1.6× 10−14 2.2× 10−16 3.3

NC2 3 1.6× 10−14 2.2× 10−16 3.3

�{1 (M = 2) 3 1.6× 10−14 2.2× 10−16 3.3

�{1 (M = 3) 3 1.6× 10−14 2.2× 10−16 3.3

�{1 (M = 4) 3 1.6× 10−14 2.2× 10−16 3.3

L 2 ~f2�ê�(J(ε = 10−11)

Ex.

Alg. IT. ‖xs+1 − xs‖∞ ‖f(xs)‖∞ p

Newton 6 4.4× 10−16 0 1.6

NC1 4 4.4× 10−15 0 3.0

NC2 4 4.4× 10−15 0 3.0

�{1 (M = 2) 4 4.4× 10−15 0 3.0

�{1 (M = 3) 4 4.4× 10−15 0 3.0

�{1 (M = 4) 4 4.4× 10−15 0 3.0
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L 3 ~f3�ê�(J(ε = 10−11)

Ex.

Alg. IT. ‖xs+1 − xs‖∞ ‖f(xs)‖∞ p

Newton 4 3.5× 10−13 0 3.0

NC1 3 2.2× 10−14 0 5.0

NC2 3 1.4× 10−14 0 5.0

�{1 (M = 2) 3 1.7× 10−14 0 5.0

�{1 (M = 3) 3 1.7× 10−14 0 5.0

�{1 (M = 4) 3 1.7× 10−14 0 5.0

L 4 ~f4�ê�(J(ε = 10−11)

Ex.

Alg. IT. ‖xs+1 − xs‖∞ ‖f(xs)‖∞ p

Newton 7 2.1× 10−16 8.0× 10−32 2.0

NC1 5 1.5× 10−20 0 3.0

NC2 5 1.5× 10−20 0 3.0

�{1 (M = 2) 5 1.5× 10−20 0 3.0

�{1 (M = 3) 5 1.5× 10−20 0 3.0

�{1 (M = 4) 5 1.5× 10−20 0 3.0

for Solving Nonlinear Equations

Yao Teng Teng

(School of Mathematical Sciences, Xiamen University, Xiamen 361005, China)

Abstract:

In this paper, we present a new variant of Newton’s method for solving nonlinear equations based on

Uniform coefficient Quadrature formulas. The cubic convergence of the proposed algorithm is established.

Moreover, the fifth-order convergence is proved under some mild conditions. Some numerical experiments

are reported to illustrate the effectiveness and flexibility of our algorithm.

Key words: Uniform coefficient quadrature, Newton-type method ,Nonlinear equations, Cubic conver-

gence
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